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It is shown that the conventional experimental approach for assessing effectiveness fact’or 
by measuring catalytic rat,es over particles of different degrees of subdivision (but with condi- 
tions otherwise the same) can be used only with careful circumspection when catalytically 
active material is nonuniformly distribut,ed within porous carrier mat,erials. In particular, 
failure of subdivision to affect measured specific rates or rate constant’s (per unit mass) does 
not necessarily imply unity effect,iveness factor when the distribution of active sites is non- 
uniform. It is shown how such particle size-activity t,ests can lead to an erroneous conclusion 
of negligible diffusional effects in cases where diffusions1 effects are actually quite large. In 
order to obtain the needed information as to diffusional effects, the subdivision experimentIs 
must be continued to the ext,ent t#hat, the smallest particle sizes investigated are smaller than 
the size of the concentrated domains of active mat.erial within the original porous catalytic 
body. It is also showTn how t,he pattern of specific activit,y as a funct,ion of part,icle size may 
actually be employed t,o suggest to the experimenter when he is dealing wit,h inhomogeneous 
cat,alyt,ic particles. 

NOMENCLATURE Subscripts 

thickness of active layer of catalyst, L rcfws to fractional dist,anw, XL = X/L 

parameter in Eg. (3) S rcfcrs to gasesolid surface 

concentration 
diff usivity INTRODUCTION 
modulus, h = Lpk/D 
parameter in Eq. (3) 

Although practitioners of the catalytic 

specific, first order wact,ion rate con- 
art have long appreciated the importance of 

stant per unit mass of catalyst 
uniformity in the distribution of a catalytic 

half thickness of slab of Fig. 1, thick- 
material within a three-dimensional carrier 

ncss of slab of Fig. 2 
(I), interest in the implications of such 

distance 
distribution has heightened in recent yc’ars. 

fraction of slab thickness L t,hat is 
Smit’h and Carberry (8) have shown that a 

cat#alytically active, a = 6L 
partially impregnated carrier can improve 

density of porous catalyst 
yield selectivity and dccwase thermal 
sensitivity in t#hr oxidation of naphthalcnc 

* Present address : I )epart,ment of Chemical to pht,halic anhydride and Minhas and 

Engineering, University of Connect)icut, St,orrs, Carbrrry (4) have similarly shown the 
Connecticut 06268. merits of such catalysts in SO2 oxidation. 
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Corbctt and Luss (2) and Shadman-Yazdi 
and Pctcraen (6) have also invcstigat,cd the 
influence of nonuniform distribution of 
active sites upon cffcctivcness factor, 
selectivity and deactivation. Kasaoka and 
Sakata (3) carried out analyses of cat,alytic 
effcctivencss factors (as a fur&ion of a 
gcncralizcd Thicle modulus) for scvcral 
linear and hyperbolic distribution models 
for intrinsic rate constant and diffusivity 
within porous catalyst’s. 

The prcwnt paper addresses the problems 
inherent in an cxperimcntal assessment of 
the effectiveness factor of such nonuniform 
catalysts using the well-known ratio anal- 
ysis [see for cxamplc, Satterficld (5) or 
Smith (7)] applied t,o specific rat,cs or rate 
constants (usually mcasurcd in isothermal, 
differential, laboratory reactors) obtained 
using different particle size fractions of 
catalytic material produced by crushing 
and sieving such nonuniformly distributed 
catalytic pellets. That such problems may 
frcqucntly arise is suggcstcd by t#hc facts 
that: 

1. Conccnt(rating catalytically active ma- 
terial near the outer periphery of a porous 
carrier pcllct very frequently improvcs 
overall catalytic pcrformancc and sclectiv- 
it,y (as compared to uniformly distribut’cd 
catalysbs of the same volume-averaged 
activity). 

2. Manufacture of such catalysts by 
impregnation can frequcnt’ly lead to such 
nonuniform distributions. 

3. Routine laboratory testing procedures 
often include rate measurements made with 
different size fractions of crushed catalyst. 
The approach is to reprrsent such originally 
prepared nonuniform pellets by scmi-in- 
finite porous plants with cat,alytically 
active sites conccntratcd in a small region 
near the surface. The physical process of 
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subdividing by crushing and size classifica- 
tion is sitnulat,cd by rcpcatcdly bisecting 
the planar bodiw and the resulting phmar 
bodies produwd by the bisecting proccsscs ; 
the usual steady-state mathematical anal- 
ysis is then carried out to give cffcctivcncss 
factors for each mixt#urc of planar bodies 
so produced. 

METHODS 

Mathematical Development 

First-order chemical reaction combined 
with port diffusion within the idcalizcd 
catalytic slab of Fig. 1 is described in the 
steady state by the one-dimensional dif- 
ferential equat,ion : 

dT 

where 

and 

- - h2C = 0, 
dXt 

XL = X/L, 

(1) 

k* = pkL2/D (Thiclc modulus). 

This equation is applicable for both the 
exterior, catalytically active, part (II > 0) 
of the slab and the interior inactive (/b = 0) 
part. The boundary conditions arc: for 
the interior part : 

dcinnctivo 
at XL = 0, --=O, 

dXL 

and for tho exterior active part : 

1. at XL = 1.0, c = c,, 

dC,,t dcinaot 
2. at XL = a/L, -=-=O. 

dXL dXL 

Solving this diffcrcntial equation with the 
stated boundary conditions gives t,hc fol- 
lowing reactant conccntrat’ion profiles : for 
the exterior, active region : 

c = Eosh (~XL) - tanh (ha/L) .sinh (~XL)]. c 

[cash (k) - tanh (ha/L) .sinh (h)] ” 
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for t,hc intwior, inactive rcxgion : 

c = [co& (ha/L) - tanh (ha/L) .sinh (ha/L)] C 
___. 

[cash (h) - tanh (ha/L) ssinh (h)] ” 

The steady-state rcwtion ratci per unit, whcrc 
surface arca of the slab is: A [l + h(6 - 1) sinh (hS) - cash (M)] 

-zc 
D dC c, r=-.- [sinh (h6) - h(6 - 1) cash (h6)] ’ 

L dXL xI,=m’ an d 

while thr rate per unit arca without J 
transport, rosistancc is given by : c,= s 0 

s [sinh (ha) - ha cash (hs)] 

r’ = pLSlcC,. + cash (hi) - h6 sinh (h6). 

The cffcctivrnclss factor is thrn obtained in 
the usual way: 

Note that the modulus 11 is dcfincd in the 
same way (dimenion L) for both the slab 

,2 
of Fig. 1 and that of Fig. 2. 

It should bc noted that Eq. (3) and t,he 
rr associated cxpwssions arc applicable not 

i 
l- 

tnnh [h(l - S)] 

tanh (h) 1 

only to the slab of Fig. 2 but also t,o the 
active mc>mbcr of t)hc two slabs formed by 
splitting the slab of Fig. 2 in half by a 

= -____ ~ - (2) 

1 

1 

I 

vertical planr, provided h, is dccrcascd and 

h6 - tanh [h(l - s)] 6 is incrcascd (>ach by a fact,or of two. The 
tanh (h) act’ivc slabs formed by similar substrqucnt 

The slab of Fig. 2 is now used to portray 
splitt,ings ran t)hcn also bc dcscribcbd by 

the slab of Fig. 1 broken in half, i.e., thtr 
slab of Fig. 1 is axially biscctcd by a plant active 

layers 
t,o product two slabs each of thiclrncss I, 
as shown in Fig. 2. The mathematical 
analysis for such a slab is carried out in t,ha 
usual way with the following results : 

Covvcen tration ProJile in Active Region 

C = A sinh(hXL) + C, cosh(IrX~). 

Concentration I’roJile in, Tnactiue Recqion 

C = (C, - J)XL + J. 

Eflectiveness Factor 
p 
-a 

1 - J/C, - hA/C, FIG. 1. Schematic dirtgram of planar cablyst with 

t = -- , (3 
active sites concentmted in two outer layers of 

6h2 thickness 6L = a. 
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FIG. 2. Schematic diagram of planar catalyst 
result,ing from bisect.ion of the catalytic body of 
Fig. 1. 

Eq. (3) provided h is properly adjusted to 
account for docrc>asc! in L with 6 properly 
adjusted to maintain 6L = L - a. Of 
course t,hc inactive portions formed by 
rach split contain no active sites, arc 
inactive catalytically, and hence make no 
contribution to the numerator or dcnom- 
inator of the cffcctivencss factor rclation- 
ship (nor would they influencr rrlatcd 
oxprrimcntal measurement’s of 0) even 
though the inactive picccs may bc retained 
in t,hc mixture to which 17 applies. 

RESULTS AND 1)ISCUSSION 

In order to dcmonstrato the influence of 
the fractional thickness 6 of the active 
catalytic layer of a given particlc having 
the st,ructurc of the slab of Fig. 2, Eq. (3) 
is plotted versus modulus h in Fig. 3 for 
various constant, values of 6. From Fig. 3 
it is evident, that t#hc influencn of the 
fractional thickness 6 of an outer layer of 
catJalytically active material is most pro- 
nounced at high values of h (largr particles). 
This may bc understood as an incrclasc of 
tho offcctivcncss of catalytic sites within a 
largo particle as they aw moved toward the 
surface to form a peripheral layer less 
influcnwd by diffusion of the gaseous 
rcact,ant. Ewn at, values of modulus Ir less 

than 10, ho\v(wr, the: cBwt of changing 6 
from 1.0 to 0.5 is riot, insignificant. 

Starting \litli t,licb sluh of Fig. 1 Jvit,li 
modulus ho and initial fractional act,ivo 
layor thickness &, and splitting it vrrt,ically 
int,o two slabs as shown in Fig. 2, and thrn 
succcssiwly splitting t,hc slabs vertically 
products a srrirs of active slabs of dccrras- 
ing modulus I/, increasing 6 and increasing 
offcctivcncss factor, 7; thrsc values arc 
shown plottcld in Figs. 4-7 as 7 vs k/ho for 
diffcrcnt values of the original modulus /lo 
and the original fractional thickness 6”. 
It should bc point,cd out that h = ho is the 
same for t,hc slabs of Figs. 1 and 2, by 
drfinition. Only slight diffcrcnws in cffec- 
tivcness factor arc obtained for t,hcsc two 
slabs [Eq. (2) for Fig. 1 and Eq. (3) for 
Fig. 21; the diffcrencct is cvidcnt graphically 
only for ho = 10 and & = 0.1 (Fig. 4). 
From Figures 4-7 it is evident that’ if 60 
is sufficiently small (<O.l) and ho is 
sufficit>nt,ly large>, the first sweral splittings 

of the slabs cause wry little change in 

cffect,ivenr:ss fact,or 7, ewn when the initial 

vsluc of 11 (at ho and 60) is significantly less 
than unity. The implication of this result 

is that, the convcnt,ional method of r&mat- 

ing cffectivcncss factor, by forming ratios 

of specific reaction rates measured iso- 
thermally for diffrrcnt particle sizes of a 

crushed and siwcd catalyst, can product 

crronrous results in the cvrnt the catalyti- 
cally act#ivc matrrial is not uniformly 

distributed throughout t,hc original cat’alyst, 

pcllct. As a particular cxamplc (and rcfcr- 
ring to Fig. 5), tho kinetic testing of scwral 

diffcrcnt size fractions, obtained from a 
start,ing pcllct with ho = 100 and 60 = 0.01, 

could product valws of the specific rate 
not very diffcrcnt, thcrcby crroncously 
implying unit,y c+Te&wness factor. 

It is evident from Fig. 4 that when the 
starting values of both ho and &, arc small, 
thrn the starting value of the effcctivcncss 

factor is oswntially unity and does not 
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FIG. 3A and B. Wktiveness fwtor plotted versus modulus for sl:&s of Fig. 2 of (>oustaut, values 
of 6. Equnt,ions (3). 

cha~gc pcwcptibly as the original part,icl(t is 
fractured bccausc the active mat,wial is 

60 = 0.05 and largw th(k c$Tfwtivcncss fact,or 

ncnr t#hc partick periphery and works cffw- 
for the unfracturcd particle is Icss than 

tIivc:ly wgardlcss of partick siz(>. Figuw 4 
u&y. Nwcrthclcss Fig. 4 indicatcls that, t,h(a 
“partick size test” 

(for ha = 10) sho\vs, howcwr, that CVM for 
will 1,~ successful wcn 

for 60 = O.l-viz, breaking up such pnr- 
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Bisection. 

'3rd 2nd 1st‘ 
;60:o.01 

" n 
4 
I , I I 

For original slabs I 
h=ho T.-/.-% 

I 

0.1 0.2 0.3 0.4 0.6 0.8 1.0 

h/h 0 

FIG. 4. Change in effectiveness factor due to repeated sequential bisection of slabs, ho = IO. 
(u) 9 for either slab of Fig. 1 or slab of Fig. 2; (A) 7 for slab of Fig. 1 only; (0) v  for slab of Fig. 
2 only. 

ticks will lead to increases in cffectivcncss ho = 100 as shown in Fig. 5. In Fig. 5 for 

factor. ho = 100 and 80 = 0.05 the st,arting value 

Similar behavior (i.e., reliable “particle of the cffectivencss factor is only 0.2 but 

size tests”) is not predicted, however, for halving the particle size docls not percc’p- 

Bisection 
5th 4th 3rd 2nd 

I 
* 4 

h=h 

FIG. 5. Change in effectiveness factor due to repeated sequential bisection of slabs, ho = 100. 
( n ) I] for either slab of Fig. 1 or slab of Fig. 2 ; (0) t] for slab of Fig. 2 only. 



HETEROGENEOUS CATALYST EFFECTIVENESS FACTORS 255 

FIQ. 6. Change in effectiveness factor due to repeated sequential bisection of slabs, ho = 1000. 

(0) Slab of Fig. 2 only; 7 not shown for h = ho. 

tibly alter the rffrctiwncss factor. Such an 
cxpcrimcnt would produce no observable 
change in specific catalyt’ic act’ivit,y when 
the partjiclo size was halwd and could lrnd 
to an crroncous dcduct,ion rqarding diffu- 
sional effects. The reason is that for ho= 100 
and &=0.05 the active layer itself is diffu- 
sion limited and is not affcc%cld by fract,uring 
t,ho part,iclc unt,il t,hc particle is rcducod to 
sizes of t’hc same order as the t.hicknoss of 

the act,ivc layer (i.e., until h = 0.05 ho). 
Thus for ho = 100 and 60 = 0.05 one could 
perform the particle size tc‘st over a tenfold 
size range, WC csscntiallg no change in 
specific activity and thereby c>rroncously 
conclude that t#h(l original cffectiwnrss 
factor was unity. As is cvidont from Figs. 
4-7, t,he larger the modulus ho of tho 
startming particlos, the greater the chance for 
an crroncous conclusion from t#hc particle 

1.0 
Bisection 

1:; - 

co.7 
. 

0” 
$0.6 . 

d 
lno.5 - 
z 
8 
20.4 - 

‘Z 
h: 
zo.3 - 
w 

0.2 . 

o.l .piGy 

14th 13th iith 11th 10th 9th ' 
I I I' I 

I 6.3 : 
I 

I !  

01 I .#I 
0.00002 0.00005 0.0001 0.0005 0.001 0.002 

h/h 0 

E’la. 7. Change in effectiveness factor due to repeated sequential bisect,ion of slab, ho = 105. 

Results for t) shown only for 9th through 16th bisection of slab of Fig. 2. 
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FIG. 8. Effectiveness factor shown for original cubic catalyst pellet, for t.he two pieces from 
a single-plane bisection, and for t)he eight, pieces resulting from subdivision by two orthogonal 
planes. 

size test because the larger hu t,ho grcatcr is 
the cxtcnt to which t,hc particles must. bc 
subdivided to show an incrcasct in measured 
catalytic activity per unit mass. 

Aside from serving as a caveat against 
performing routine part& size act,ivity 
tests with inhomogencous particles Figs. 
4-7 also suggest how an c>xpcrimrntcr might 
use the particle size test to discover mhethcr 
hc is dealing with inhomogcncous catalytic 
particles. Figures 4-7 show that when the 
particle size test’ indicates littlt: or no changr 
in cat,alytic specific activit,y until the 
particle size is very gwatly reduced, with 
a gradual rise in activity thcreaftcr, then 

inhomogoncous particles arc implied. This 
tc>st is of course a sufficient condition but 
not a nccctssary one. For example, if ho is 
small, the particles may bc inhomogeneous 
but be complctcly effcctiw (11 = 1) and 
thcrofore, show no change in spwific 
activity no mat,tcr how far they arc 
subdivided. 

Three-Dimensional Models 

In order to approach more closc~ly to 
catalytic wality t,han do t,hc slabs of Figs. 
1 and 2, the governing diffrrwtial equations 
and boundary conditions can also bc written 
for spheres, cylinders and cubes containing 
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actiw catalytjic layclrs surrounding inactive 
cows. Bccausc th(w is some qwstion as to 
whct,hcr closed-form anal&al solutions 
can bc obtained for such situations, it was 
decided to npproximatc‘ a cube by wglwt- 
ing edge cffccts and assuming the btrhavior 
at cwh fact: to by dwcrib(hd by Eq. (3) 
for Fig. 2. The original cube of cbdgo L uxs 
thrn rcgardcd as divided into t,\\-o id(lntical 
piccw by a planet parallel to two of its 
fact,s; ctach of th(w IIW pitws would have 
five faws nt%iw to a dcpt,h 61; and one 

inact,iw face. Anothw cast‘ was considcwd 
nhrwby thr original cubr \vas cut into 
eight identical picws by t,hrcc ort~hogonnl 
planw passing through its ccwtcr ; cnch of 
t’hc eight cubcx would havcl t,hrcc active 
facts and thrw inact,iw fncw. The c#cctivcb- 
IWBS fact,or has bcm comput,cld for such 
casts and various starting values of ho and 
60 and t,hc: rcwlts arc shown plott,ed in 
Fig. 8. The wsults arc’ similar to those 
obtained for biwct,ing tjhc: slab (Fig. 7) and 
again dcmonstratc: small changcls in 7 due: 
t’o fracturing for various st,arting valuw of 
It0 and 6”. 

CONCLUSIONS 

The fowgoing computat,ional results sug- 
g(lst t’hat c~xpcrinwnt~ws should bo loat,h to 
draw conclusions about, cffcct~ivcncss factors 
from t’hr wsult’s of lkwtic c>xpc>rinwnts 
using various size fract,ions of crushed 
catalyst unlrss t,hcy arc suw that the 
catalytic actiw sites or the catalytic 
mat,crial is dopositcld homogc~ncously \vit,hin 
the porous 3-dimensional cntalyt,ic body. 
Thr importance of inwstigating t,hc spat,ial 
dkkribution of a&w material (c.g., by an 
calwtron microprobe) is evident,. In partic- 
ular, kinrtic c~xpwimcnts \vith sictvc>d size 
fractions should cover a partick size range 
which cxt,clnds to sizw smallw than the 
tjhickncw dimension of any domain of 
cutalyt~ically uctiw mnt,c>rial dq)ositcbd non- 

uniformly 011 a porous support’. That unit8p 
c#cctivcww fnc’t,or must obtain \vh(ln size 
reduction of catalyt,ic particlcs products 
nc>gligibl(h changw in obsclrvcld rwctjion 
mtw is a notion that, does not ncwssarily 
apply to such nonuniform cat~alysts. To 
insure that, particlw art‘ sufficicwt81y small 
to opclrat,c with unity cffoctiwnrss f&or, 
the particlw thc~mwlws should by of sizes 
on the ordw of the dinwnsion of the 
domain of high conwntrntion of actiw sites. 
Th(l spwific rst,cs or ratt> constants obtninod 
isot~lwrmally I\-ith part~iclw c,f various sizw, 
but, at least as small as the actiw domain 
dimension, can th(ln bc t,cstcld for diffusional 
art,ifact,s by t,hct usual prowdurw 

It has bcc~~ demonst,ratjc>d t,hat the first 
few subdivisions of swcwly diffusion- 
rcsist,ant, inliomogt~nc~ous particks will ofton 
show no change in mcbnsuwd spcwific 
cnt,alyt,ic activit’y thcwby possibly loading 
t,o wroncous conclusions. On the other 
hand a11 invwt igat ion of specific art ivit,y 
t,hat (wompasws a lvido range of partich: 
sizw cm b(l used as a clw to particle 
iIiliomogcIi(~it,y if a puttjcwi of constant 
mwsuwd spwific activity bc~gins to rise 
ml;\- aftctr thcl particalw arc’ subdivid(ld to 
wry small sizw. 
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